Abstract. We give a survey of the known connections between regularity conditions and amenability conditions in the setting of uniform algebras. For a uniform algebra A we consider the set, A lc , of functions in A which are locally constant on a (varying) dense open subset of the character space of A. We show that, for a separable uniform algebra A, if A has bounded relative units at every point of a dense subset of the character space of A, then A lc is dense in A. We construct a separable, essential, regular uniform algebra A on its character space X such that every point of X is a peak point for A, A has bounded relative units at every point of a dense open subset of X and yet A is not weakly amenable. In particular, this shows that a continuous derivation from a separable, essential uniform algebra A to its dual need not annihilate A lc .
Introduction
Amenability conditions for Banach algebras and regularity conditions for Banach function algebras have been extensively studied. We refer the reader to [6] as a reference for a detailed introduction to the majority of the conditions we discuss, their history, examples and applications.
Algebra amenability conditions originally arose out of Kamowitz's cohomology theory for Banach algebras (see [21] ). The connection with the amenability of topological groups is given by a famous theorem of B. E. Johnson: for a locally compact topological group G, the Banach algebra L 1 (G) is amenable if and only if G is an amenable topological group ( [20] ). The study of cohomology of Banach algebras continues to be a highly active area, and it is impossible to do it justice in a short survey. The reader may wish to consult [6, Section 2.8] (especially the historical summary beginning on page 304).
Regularity conditions have important applications in areas such as automatic continuity theory ( [6, Chapter 5] ), the theory of Wedderburn decompositions ( [2] ) and the decomposability of multiplication operators ( [22] ). For more details of these applications, we refer the reader to [6, Chapter 4] .
In this note we give a brief survey, primarily in the setting of uniform algebras, of amenability and regularity conditions and the connections between them. We also prove some new results concerning functions which are locally constant on a dense open subset of the character space of a uniform algebra.
Notation and terminology
We shall assume that the reader has some familiarity with uniform algebras and with Banach function algebras (commutative, semisimple Banach algebras). The reader may find the relevant definitions and the basic theory of Banach function algebras, along with numerous examples, in [6, Chapter 4] . Throughout, when we use the terms "Banach function algebra A on X" and "uniform algebra A on X" it will be assumed that X is the character space of A and that A is unital. In particular X will always be a compact, Hausdorff space. We denote by C(X) the uniform algebra of all continuous, complex-valued functions on X, and, for f ∈ C(X), we denote the uniform norm of f by f ∞ . For a non-empty, compact plane set X we define R 0 (X) to be the set of restrictions to X of rational functions with poles off X, and R(X) to be the uniform closure of R 0 (X) in C(X). Whenever R(X) is referred to, X will be assumed to be a non-empty, compact plane set.
We say that a uniform algebra is trivial if it is equal to C(X); otherwise it is non-trivial.
We shall frequently refer to the following ideals.
Definition 2.1. Let A be a Banach function algebra on X and let x ∈ X. We define ideals J x and M x by:
3. Survey of conditions and known relationships 3.1. Amenability conditions. Let A be a Banach algebra and let E be a Banach A-bimodule. A derivation D : A → E is a linear map such that
A derivation is: inner if it is of the form D(a) = a · e − e · a for some fixed e ∈ E; approximately inner if it is in the strong operator topology closure of the inner derivations; pointwise inner if for each a ∈ A there is e ∈ E with D(a) = a · e − e · a. Note that, for a Banach algebra A and a commutative Banach A-bimodule E, pointwise inner derivations (and therefore inner derivations) are zero.
The dual Banach A-bimodule to E is the Banach space dual E ′ of E, together with the module actions given by (a · φ)(e) := φ(e · a) ,
for a ∈ A, e ∈ E and φ ∈ E ′ . The term amenability (for Banach algebras) was introduced by B. E. Johnson in [20] . Weak amenability was introduced (for commutative Banach algebras) by Bade et al. in [1] . Approximate amenability was introduced by Ghahramani and Loy in [17] and pointwise amenability by Dales and Ghahramani in [8] . In [18] Ghahramani, Loy and Zhang showed that if a Banach algebra A is approximately amenable, then all continuous derivations into any Banach A-bimodule are approximately inner (that is, A is approximately contractible in the terminology of [17] ).
The following was proved in [1] and can also be found as [6, 2.8.63 (iii)] Proposition 3.2. Let A be a weakly amenable, commutative Banach algebra. Then, for every commutative Banach A-bimodule E, there are no non-zero bounded derivations from A into E.
Let ψ be a character on A. A point derivation at ψ is a linear functional d such that
In the case where A is a uniform algebra we have the following relationships between amenability conditions: A = C(X) ⇔ A is amenable ⇔ A is pointwise amenable ⇒ A is approximately amenable ⇒ A is weakly amenable ⇒ A has no non-zero bounded point derivations.
The first equivalence is [6, Theorem 5.6.2] and is due to Sheȋnberg. The second equivalence and the implication which follows it are due to Dales and Ghahramani in [8] . The remaining stated implications are elementary. That the final implication can not be reversed was shown, by the first author, in [14] , by constructing a compact plane set X such that the uniform algebra R(X) has no non-zero, bounded point derivations but is not weakly amenable. That there is an X such that R(X) is non-trivial and has no non-zero bounded point derivations had previously been proved by Wermer in [26] . The remaining reverse implications are open for uniform algebras. Moreover, it is open whether or not every weakly amenable uniform algebra must be trivial.
A separate set of conditions concerns the non-existence of (not necessarily bounded) point derivations. It is standard (see, for example, [4, p.64] , [6, p.267] ) that, for a Banach function algebra A on X, and x ∈ X, A has no non-zero point derivations at x if and only if M 2 x = M x ; A has no non-zero bounded point derivations at x if and only if M 2 x = M x . We say that Y ⊆ X is a peak set for A if there is f ∈ A with f (Y ) = {1} and |f (x)| < 1, for all x ∈ X \ Y ; x ∈ X is a peak point for A if {x} is a peak set for A; x ∈ X is a p-point for A if {x} is an intersection of peak sets for A. Clearly if x is a peak point for A it is a p-point for A. If X is metrizable, then the converse also holds: peak points and p-points coincide. Note that (as we are dealing with unital uniform algebras), X is metrizable if and only if A is separable. By [6, Theorem 4.3.5] , for x ∈ X, M x has a bounded approximate identity if and only if x is a p-point for A; this, in turn, implies that M The algebras R(X) give a good source of examples in this area. In many cases, stronger examples can then be constructed by applying a suitable system of Cole root extensions to such an algebra. For more details concerning such systems of extensions see, for example, [5] , [10] , and [9] . The first author ( [14] ) used these methods to prove the following result. Proposition 3.3. There exists a separable uniform algebra A such that every point of the character space of A is a peak point for A, but A is not weakly amenable.
As mentioned above, if A is a separable uniform algebra on X, a point x ∈ X is a p-point for A if and only if it is a peak point for A. For A = R(X) these conditions are, further, equivalent to the condition that M 2 x = M x (see [4, Corollary 3.3.11] ). For general uniform algebras, it is not true that M 2 x = M x implies that x is a p-point (see, for example, [5, 24] ). It is open whether or not this implication holds for all separable uniform algebras.
Bishop's theorem ([4, Theorem 3.3.3]) states that R(X) = C(X) if and only if almost every (with respect to area) point of X is a peak point for R(X). Hence the previously mentioned example of Wermer [26] has many (unbounded) point derivations. Thus, even for R(X), having no non-zero bounded point derivations does not imply the non-existence of non-zero point derivations.
We note that in more general settings the situation is somewhat different. For the relationships between amenability conditions for general Banach algebras see [6, Chapter 2.8], [17] and [8] . It is not known if a pointwise amenable, commutative Banach algebra must be amenable. It is shown in [1] that a Banach function algebra can be weakly amenable and not amenable. Since, for a discrete abelian topological group G, L . Examples of Banach function algebras which are approximately amenable but not amenable may be found in [7] . One such example is the semigroup algebra ℓ 1 (S), where S is the set of non-negative integers with the semigroup multiplication m · n = max{m, n} (m, n ∈ S).
3.2. Regularity conditions. 3.2.1. Regularity properties at a point. Definition 3.4. Let A be a Banach function algebra on X. A point x ∈ X is a point of continuity for A if there is no point y ∈ X \ {x}, such that M x ⊇ J y . We say that A is strongly regular at x if J x = M x ; A satisfies Ditkin's condition at x if, for all f ∈ M x and all ε > 0, there is g ∈ J x with gf − f < ε; for C ≥ 1, A has bounded relative units at x with bound C if, for all compact E ⊆ X \ {x}, there is f ∈ J x with f ≤ C, such that f (E) ⊆ {1}. We say that A has bounded relative units at x if there exists C ≥ 1 such that A has bounded relative units at x with bound C.
We may consider the following conditions which a Banach function algebra A on X may satisfy at a point x ∈ X:
(i) for all C > 1, A has bounded relative units at x with bound C; (ii) A has bounded relative units at x; (iii) A is strongly regular at x and M x has a bounded approximate identity; (iv) A satisfies Ditkin's condition at x; (v) A is strongly regular at x; (vi) x is a point of continuity for A. In the case where A is a uniform algebra, the following relationships exist between these conditions:
3.2.2. Global regularity properties.
Definition
It is standard (see, for example, [13, 16] ) that A is regular if and only every point of X is a point of continuity for A.
We may consider the following conditions which a Banach function algebra may satisfy:
(a) for all C > 1, A has bounded relative units with global bound C; (b) A has bounded relative units; (c) A is a strong Ditkin algebra; (d) A is a Ditkin algebra; (e) A is strongly regular; (f) A is regular. For uniform algebras the following relationships exist between these conditions:
The uniform algebra C(X) satisfies all of these conditions. An example of a nontrivial uniform algebra with bounded relative units is given in [10] . Also in [10] is a strongly regular uniform algebra without bounded relative units (so (e) does not imply (c)). For uniform algebras, it is not known whether (e) implies (d), or whether (d) implies (c). That (f) does not imply (e) is discussed in the following section.
For both the global regularity conditions and those at a point, the situation is rather different for general Banach function algebras. This, more general, case is surveyed in [11] and [6, Section 4.1] (see also [12] ).
Amenability and regularity conditions together.
Let A be a strong Ditkin algebra on X. Then every maximal ideal M x has a bounded approximate identity, and so there are no non-zero point derivations at all on A. For the special case of R(X) we have that, if R(X) is a strong Ditkin algebra, then every x ∈ X is a peak point and hence, by Bishop's theorem, R(X) = C(X). In [23] , O'Farrell constructs a compact plane set X such that R(X) is regular but has a non-zero bounded point derivation. If A is regular and is strongly regular at x then an immediate consequence of [6, 4.1.20(iv)] is that J x = M 2 x = M x . Hence, A has no non-zero bounded point derivations at x. In particular, O'Farrell's example is not strongly regular, and thus (f) does not imply (e) in the previous subsection. A separable, regular uniform algebra which has no non-zero bounded point derivations, but which is not strongly regular, can be constructed by making a small modification to the construction of the uniform algebra found in the remark on page 300 of [10] . All that is needed is to ensure that, in the construction on page 299 of [10] , each family F α is dense in I(E α ). It is not known whether it is possible for R(X) to have this combination of properties.
In [19] the second author (based on the work of the first in [14] ) proved the following result. (The reader may refer to [4, [2] [3] [4] [5] [6] [7] [8] for information on the essential set and essential uniform algebras.) Proposition 3.6. Let Q = {x + iy ∈ C : x, y ∈ [0, 1]}. For each C > 0 there is a compact set X ⊆ Q such that ∂Q is a subset of X, X \ ∂Q is dense in X, R(X) is regular and has no non-zero, bounded point derivations and, for all f, g in R 0 (X),
In particular, R(X) is not weakly amenable. Furthermore, the following are true:
• ∂Q is contained in the essential set, E, of R(X);
These last four itemised conditions are not stated in [19] but can be seen from the construction; the first three allow us to assume that our example is essential. Furthermore, [19] also contains an example of a separable uniform algebra B on Y , such that B is regular, not weakly amenable and such that every maximal ideal has a bounded approximate identity. We note that an example of a Banach function algebra with these properties is much easier to produce; AC[0, 1] and BV C[0, 1] will again suffice and are, in addition, strong Ditkin algebras ([6, Theorems 4.435 and 5.6.8]).
Locally constant functions and derivations
The set of continuous real-valued functions on a compact space, X, which are locally constant on a (varying) dense open subset of X is discussed by Bernard and Sidney ([3] ) and by Sidney ([25] ). We shall consider this property in the complex case. For a Banach function algebra, A, on its character space, X, we define the following set.
A lc = {f ∈ A : there exists a dense open set U ⊆ X with f locally constant on U }.
The following results show how the denseness of A lc in A is related to having bounded relative units.
Lemma 4.1. Let A be a uniform algebra on X and let x ∈ X. Suppose that A has bounded relative units at x. Let U be a neighbourhood of x, let f ∈ A and let ε > 0. Then there is a function g ∈ A which is constant on a neighbourhood of x, agrees with f on X \ U and has g − f ∞ < ε.
Proof. Let k ≥ 1 be such that A has bounded relative units at x with bound k. Let V be a neighbourhood of x such that V ⊆ U and, for each y ∈ V ,
Choose h ∈ J x with h ∞ ≤ k and such that h(X \ V ) ⊆ {1}, and set
Then g has the required properties.
Theorem 4.2. Let A be a uniform algebra on a compact metric space X, and suppose that Y is a dense subset of X such that A has bounded relative units at x for each x ∈ Y . Then A lc is dense in A.
Proof. Without loss of generality, Y is at most countable. In the case where Y is finite the result is trivial so we assume that Y is countably infinite. We enumerate Y as a sequence (x k ) k∈N .
Let f ∈ A and ε > 0. We set g 0 = f and U 0 = ∅ and define, inductively,
By Lemma 4.1 we may choose a g k ∈ A which is constant on a neighbourhood of x n k , equal to g k−1 on U k−1 and with g k − g k−1 ∞ < 2 −n ε. In either case, we set
The inductive choice may now proceed. Clearly, we have
We show that g is in A lc by showing that it is locally constant on
Choose an open neighbourhood V of x with V ⊆ U k and such that g k is constant on V . Since, for each n ≥ k, we have g n | U k = g k | U k , we see that g is constant on V . Thus g is locally constant on ∞ k=1 U k , and hence g ∈ A lc . The result follows.
Based on the intuitive notion that bounded derivations from a uniform algebra are "like differentiation" a naïve conjecture concerning A lc is the following: each bounded derivation D from a uniform algebra A on X into a commutative Banach A-bimodule annihilates A lc . This is easily seen to be false for Banach function algebras: any Banach function algebra with character space equal to the one point compactification of N and which has a bounded point derivation at infinity will do to give a counterexample. Furthermore, we can see that the conjecture is also false for uniform algebras by considering the well known "tomato can algebra" (see [4, [2] [3] [4] [5] [6] [7] [8] ), consisting of the continuous functions on a solid cylinder which are analytic on one face. However this is rather an artificial construction, and is far from essential. Hence the question arises as to whether the conjecture holds for essential uniform algebras. We shall show that the answer to this question is still negative.
We begin by proving some preliminary results. The lemma below is a "pointby-point" version of [10, Lemma 3.4] . Lemma 4.3. Let A be a uniform algebra on X and x ∈ X. Suppose that, for each compact subset E of X \ {x}, there exists an open neighbourhood, U , of x, and f ∈ A such that
For each k ∈ N there is a g ∈ A with g Then A has bounded relative units at x.
Proof. Let E be a compact subset of X \{x}. Choose an open neighbourhood U of x and f ∈ A satisfying the above conditions (i) to (iii). Let k ∈ N be such that f 2 −k ∞ ≤ 2, and choose g ∈ A with g 2 k = f . Without loss of generality, we may assume that g(x) = 1. Then g ∞ ≤ 2 and g(E) ⊆ {0}. We have f (y) = g 2 k (y) = 1, for y ∈ U , and so g takes only finitely many different values on U . Thus, since g is continuous, g must be constantly equal to 1 on some neighbourhood of x. Set h = 1 − g. Then h ∈ J x , h(E) ⊆ {1} and h ∞ ≤ 3. Thus A has bounded relative units at x.
The following lemma is [10, Lemma 3.5] Proposition 4.4. Let A be a regular uniform algebra on a compact metric space, X. Then there exists a countable set, F ⊆ A, such that, for each closed subset E of X and each x ∈ X \ E, there exists an open set, U , containing x, and f ∈ F with f (U ) = {1} and f (E) ⊆ {0}.
We are now ready to construct our example. The construction is similar to those of [14, Theorem 3.1] and [19, Theorem 3.2] , and the proof will be a sketch, leaving out some of the details, many of which may be found in those papers (primarily in [14] ). For a discussion of the notation relating to Cole extensions, and of their basic properties, see [5] , [9] and [10] .
Theorem 4.5. There is a separable, essential, regular uniform algebra A on X and a dense open subset V of X such that every point of X is a peak point for A and A has bounded relative units at every point of V , but A is not weakly amenable.
Proof. Let X 0 be the compact plane set called E in Proposition 3.6 (so X 0 is the essential set of the uniform algebra considered in that proposition). Set A 0 = R(X 0 ), so that A 0 is essential. Let ω be the first infinite ordinal. We construct, inductively, a countable system of root extensions
so X ω is the inverse limit of (X α ; Π α,β ) (0 ≤ α ≤ β < ω), and A ω is the direct limit of A α ; Π * α,β (0 ≤ α ≤ β < ω). We shall ensure that A ω will be a uniform algebra on X ω with the required properties.
At stage α < ω, let F α := Π −1 0,α (∂Q). Proposition 4.4 lets us define A α+1 by attaching square roots to a countable subset F α of A α with the following properties:
(1) F α is a dense subset of the ideal of functions in A α which vanish on F α .
(2) For each x ∈ X α \ F α and each compact subset E of X α \ {x} there exists an open subset U of X α containing x, and f ∈ F α with f (U ) = {1} and f (E) ⊆ {0}. We may also ensure at each stage that every element of Π * α,α+1 F α has a square root in F α+1 .
Set A = A ω and X = X ω and define F ω := Π −1 0,ω (∂Q). As in the proofs of [14, 3.1] and [19, 3.2] , condition (1), above, ensures that A is a regular uniform algebra with character space X, X is metrizable, A is not weakly amenable, and every x ∈ X is a peak point for A. Let V := X \ F ω . It is easily seen that V is a dense open subset of X. We shall show that, for each x ∈ V , A has bounded relative units at x by showing that, at each such x, the conditions of Lemma 4.3 hold. Set
Each element of F has a square root in F and, therefore, also has a 2 k th root in F , for all k ∈ N. Let x ∈ V and let E be a compact subset of X \ {x}. Since X is the inverse limit of the inverse system (X α ; Π α,β ), (α ≤ β < ω), and x ∈ X \ E, there is α < ω with Π α,ω (x) ∈ X α \ Π α,ω (E). There exists an open subset, W , of X α , containing Π α,ω (x) and g ∈ F α with g(Π α,ω (E)) ⊆ {0} and g(W ) = {1}. Set f = Π * α,ω g ∈ F and set U = Π −1 α,ω (W ). We have that f and U satisfy the conditions of Lemma 4.3, as required.
Finally, it may be shown that, since A 0 is essential, so is A and the result follows.
Note that, by Lemma 4.2, A lc is dense in A. Since A is not weakly amenable, there is a bounded derivation from A to A ′ which does not annihilate A lc .
Open Questions

Questions for uniform algebras.
The following questions relate to arbitrary uniform algebras. 
Questions for R(X).
The following questions relate to the special case of R(X).
Question 5.7. Is there a compact plane set such that R(X) is non-trivial and strongly regular? Question 5.8. Is there a compact plane set X ⊆ C such that R(X) is regular and has no non-zero bounded point derivations, but is not strongly regular? In particular, is the uniform algebra R(X) from Proposition 3.6 (and [19] ) strongly regular?
Question 5.9. What are the answers to the questions for general uniform algebras in the case of R(X)? 
